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Abstract 

A meso-scale numerical model for simulating damage in concrete due to ASR is presented. It 
accounts for the internal structure of concrete including aggregates and mortar. ASR sites are 
explicitly represented. This model is extended to account for viscoelastic effects in the mortar. An ASR 
product expansion law is based on the phenomenological reaction extent equation. The model is 
calibrated on free ASR expansion experiments. Mortar is modelled both as elastic- and viscoelastic-
brittle material. In case of the viscoelastic-brittle mortar, simulations result in a lower level of damage 
and lower stiffness reduction than in the elastic-brittle case. However, the macroscopic expansion 
becomes lower than the experimental values. This suggests that to reach sufficient macroscopic 
strain, a larger damage extent within aggregates is necessary. 
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1. INTRODUCTION 

Alkali-silica reaction (ASR) is a swelling reaction in concrete that leads to continuous degradation of its 
properties. This reaction takes place between the amorphous silica contained in aggregates and the 
alkali coming from cement paste, leading to the formation of the expansive ASR product. The internal 
stress exerted on concrete by this product leads to its cracking and loss of bearing capacity. Damage 
in concrete due to ASR depends on various factors, e.g. temperature, humidity, availability of 
reactants, and stress state. 
With high enough amount of water and reactants, ASR causes the development of a whole network of 
coalesced cracks. Under isotropic loading conditions and no reinforcement, cracks have irregular 
patterns. Presence of a prevailing loading direction or internal steel reinforcement results in “oriented” 
crack network. 
ASR has been investigated by both laboratory experiments and numerical simulations extensively. 
Since ASR has been strongly affecting such large structures as bridges and dams, most of the 
developed numerical models are macroscopic. They simulate concrete as a homogeneous isotropic 
media without considering processes happening at the micro-scale. However, in order to understand 
the physics behind the ASR damage, the development of micro- and meso-scale mechanical models 
is necessary. 
Dunant and Scrivener [1] proposed a two-dimensional finite element model where the internal 
structure of concrete is directly represented and ASR product is randomly distributed across it. Cuba 
Ramos et al. [2] proposed an efficient scheme to parallelize the aforementioned model. The authors 
performed simulations of ASR-affected concrete and concluded that their model significantly 
overestimates the loss of macroscopic stiffness. As one of the possible reasons for the discrepancy 
between simulations and experimental data, they suggested the absence of viscous energy 
dissipation in the mortar. Researchers studying the tensile cracking of concrete due to early-age 
shrinkage report that the stress relaxation delays the onset of cracking by reducing the tensile stress 
significantly. Other studies report values of this reduction in the range of 20 − 60% depending on the 
ratio between the initial load and the ultimate capacity, as well as the age of loading [3]. Giorla et al. 
[4] developed the space-time finite elements formulation for generalised viscoelastic materials and 
used it to study the effects of viscoelasticity in ASR. However, this formulation is complicated in 
implementation and requires can not be simply built on top of the existing finite element code. In the 
current study, we propose a simple finite element model to account for viscoelasticity in brittle 
materials and use it to study the effect of viscoelasticity on the mechanical behavior of concrete 
undergoing ASR. 
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The outline of the paper is as follows. First, the proposed meso-scale model is described in Section 2. 
In Subsections 2.1 and 2.2 material behavior of aggregates and mortar are explained. The 
temperature-dependent ASR product expansion law is recapitulated in Subsection 2.3. In Section 4, 
simulation results on deformations, damage and stiffness reduction are presented in a comparative 
manner. Finally, conclusions are given. 

 
Figure 1.1: Schematic of the meso-scale model 

2. MESO-SCALE MODEL 

At the meso-scale, a two-dimensional domain Ω is descritized using finite elements. It represents the 
ASR-affected concrete laboratory specimen and contains three mutually exclusive phases: the 
aggregates ΩA, the mortar ΩC, and the ASR sites ΩP as shown in Fig. 1.1. The isotropic eigenstrain εeig  
with only diagonal terms is applied at each ASR product site. The eigenstrain εeig and the elastic strain 
εel are connected through the following equation: 
𝜀 = 𝜀𝑒𝑙 + 𝜀𝑒𝑖𝑔 , (1) 

where ε is the infinitesimal strain tensor. ASR sites are randomly distributed within aggregates. 
Mechanics of the ASR product accounts for different phenomena taking place in a range of scales 
varying from nanometer to millimeter, and not yet fully understood. These processes include the 
growth of ASR product (either amorphous or crystalline), the opening of micro-cracks due to that, 
possible transport of product into pores and fissures, change of its properties with time and the 
surrounding environment. Leeman and colleagues [5-6] had previously shown that the primary ASR 
product starts to accumulate between mineral grains within reactive concrete aggregates. Therefore a 
typical size of an ASR inclusion is few nanometers. In the current numerical study, the average size of 
a finite element 0.5 millimeters. Therefore, the expansion that we apply at a single finite element to 
represent the effect of ASR, should be seen as a homogenized expansion of an aggregate 
surrounding a single pocket of the ASR product, rather than the expansion of product itself. The law 
describing the increase of the eigenstrain will be discussed further. 
Since the concrete damage due to ASR is an extremely slow process, quasi-static conditions are 
assumed. The equation for the virtual work reads: 

𝛿𝑊 =  ∫ 𝑪(𝜀 − 𝜀𝑒𝑖𝑔):
𝛺

𝛿𝜀 𝑑𝛺 −  ∫ 𝒃𝛿𝒖
𝛺

−  ∫ 𝒕𝛿𝒖
𝛤𝑡

= 0 , (2) 

where C is the fourth-order stiffness tensor, b is the body force, and t is the traction force acting at the 
boundaries Γt. To represent the material heterogeneity, the Weibull distribution is chosen to obtain 
spread of material properties. 

2.1 Aggregates modelling 

In this model, aggregates are assumed to be composed of a quasi-brittle material. Each expanding 
ASR site creates compressive and tensile stresses in surrounding media. The tensile strength of 
aggregates and mortar is significantly lower than compressive counterpart. It suggests that locally 
material will always fail in tension. For this reason, we adopt the stress-based failure criterion. To 
compute damage, the crack band model originally proposed by Bazant [7] is chosen. The essence of 
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this model is to smear out existing micro-cracks over the fracture process zone of width wc. The 
bilinear law adopted in this work is shown in Fig. 2.1. The area under the stress-strain curve equals 
the fracture energy Gc divided by the crack band width wc: 
𝐺𝑐

𝑤𝑐
= ∫ 𝜎𝑑𝜀𝑓 =

1

2
𝑓𝑡

2 (
1

𝐸
−

1

𝐸𝑡
)

∞

0
 , (3) 

where εf is the fracturing strain. The ultimate strain εu becomes a function of the fracture energy, the 
crack band width, and the material strength in tension ft: 

𝜀𝑢 =
2𝐺𝑐

𝑤𝑐𝑓𝑡
 . (4) 

Non-linear finite element method is widely used for modelling brittle materials with a single fracture 
path. However, it is often prone to numerical instabilities and divergence when there are multiple 
simultaneously growing cracks. The latter are widely present in the ASR-affected structures, and thus 
a different solution approach is required. 
 

 
Figure 2.1. Bilinear law with the initial elastic loading phase and the linear strain-softening 

 
Figure 2.2. Saw-tooth diagram in the stress-strain space stemming from the sequential linear analysis 

Sequential linear analysis (SLA) proposed by Rots and co-workers [8-9] facilitates solutions with 
extensive crack networks. This method was modified and applied to the ASR problem by Dunant and 
Scrivener [1] and CubaRamos et al. [2]. The basic idea of the latter is to replace a single loading step, 
where multiple elements are damaged, by several linear steps with a single broken element per step. 
The schematic of the SLA is shown in Fig. 2.2. After the stress σ in a single element reaches its 
strength ft, the stiffness Ei and the tensile strength ft,i of this element is reduced according to the 
current damage value di which is defined by 

𝑑𝑖 = 1 −  
1

𝑎𝑖 , (5) 
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where a, the empirical reduction constant, is brought to the power i, which is the number of the 
reduction step. This is repeated until no more elements are damaged. Due to the discrete reduction of 
stiffness and strength, the stress-strain curve differs from the original softening one. Fig. 2.2 shows 
how in N iterations the stiffness of a single element is fully reduced to zero. Since the whole stress-
strain path is followed by using only the secant stiffness, the tangent stiffness is not necessary, which 
reduces the possibility of numerical instabilities. However, the major drawback of this approach is its 
computational cost. Multiple integration points cannot be damaged simultaneously, which makes it 
necessary to re-compute the solution after each damage event. This computational load could, 
however, be optimized by allowing multiple elements to fail given that they are positioned at sufficient 
distance from each other. 

2.2 Mortar modelling 

In this study, we model mortar in elastic- and viscoelastic-brittle way and later compare the simulation 
results. The employed rheological model is the generalized Maxwell chain. It consists of a series of 
sequential spring-dashpots (Maxwell elements) placed in parallel with one single spring (see Fig. 2.3). 
The relation between stresses and strain comes from 
𝜎(𝑡) =  ∫ 𝐸(𝑡, 𝜏)𝑫𝜀̇𝑑𝜏

𝑡

−∞
 , (6) 

where E(t,τ) is the time-dependent relaxation function, τ is the loading age, and D is the dimensionless 
matrix relating a 3D deformation state to a 1D relaxation function. The relaxation function is expanded 
in the exponential series 

𝐸(𝑡, 𝜏) =  𝐸0 + ∑ 𝐸𝛼𝑒
−

𝑡− 𝜏

𝜆𝛼𝑛
𝛼=1  , (7) 

where the relaxation time of each Maxwell element is defined as λα=ηα/Eα with ηα being the viscosity of 
a dash-pot. Assuming a constant strain rate within each time step, the analytical integration of the 
right-hand side of Eq. 7 leads to the following form 

𝜎(𝑡 +  𝛥𝑡) =  𝐸0𝑫𝜀 +  ∑ ((1 − 𝑒
−

𝛥𝑡

𝜆𝛼)
𝐸𝛼𝜆𝛼

𝛥𝑡
𝑫𝛥𝜀 + 𝑒

−
𝛥𝑡

𝜆𝛼𝜎𝛼(𝑡))𝑛
𝛼=1  , (8) 

with σα(t) being the internal stress within each Maxwell element, defined as 

𝜎𝛼(𝑡) = 𝑫 ∫ 𝐸𝛼𝑒
−

𝑡− 𝜏

𝜆𝛼 𝜀̇𝑑𝜏
𝒕

𝟎
 , (9) 

The first term under the sum sign in Eq. 8 could be seen as the effective stiffness of a single Maxwell 
element multiplied by the matrix D and the strain increment Δε: 

𝐸𝛼
𝑒𝑓

= (1 − 𝑒
−

𝛥𝑡

𝜆𝛼)
𝐸𝛼𝜆𝛼

𝛥𝑡
 , (10) 

Time increment Δt controls the rate dependency of the effective stiffness. By limit analysis, we find the 
limiting values of the effective stiffness which are equal to E0 for infinitely slow loading (Δt tending to 0) 
and E0+ΣEα for infinitely fast (Δt tending to infinity). At the end of each converged time step, the 
internal stress σα(t) is updated according to 

𝜎𝛼(𝑡) = 𝜎𝛼(𝑡 −  𝛥𝑡)𝑒
−

𝛥𝑡

𝜆𝛼 + 𝐸𝛼
𝑒𝑓

𝑫𝛥𝜀 , (11) 

In this study, the damage is affecting viscoelastic material by reducing both the stiffnesses of the 
spring elements Ei and the viscosities of the dash-pots ηi by the factor (1-d). The influence of 
temperature on viscoelasticity is neglected. 
Relaxation times of the mortar were calibrated by the creep experiments on 28 day-old concrete by 
L’Hermite [10]. In this test, a block of concrete was loaded with 9.81 MPa. Model calibration was done 
on a 2D concrete block with purely elastic aggregates and viscoelastic mortar. Both experimental and 
numerical strain values along the deformed axis are reported in Fig. 2.4. There is a fair agreement 
between two sets of values. The viscoelastic properties of the mortar are given in Tab.2.1.  
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Figure 2.3. Generalized Maxwell chain 

 
Figure 2.4. Deformation of a 2D concrete model compared with the experimental values by L'Hermite 

[10] 

Table 2.1: Properties of the concrete components 

Property Aggregates 
Mortar 

(elastic-
brittle) 

Mortar 
(viscoelastic-

brittle) 
ASR product 

Single spring stiffness E0, GPa 60 19 6 11 

Maxwell stiffness Ei & relaxation 
time λi, GPa/days - - 

5 / 0.5 
6.5 / 20 
1.5 / 67 

- 

Poisson ratio ν, - 0.3 0.3 0.3 0.18 

Tensile strength ft, MPa 10 4 4 - 

Fracture energy Gc, Jm-2 160 80 80 - 

Latency time τlat, days - - - 10 

Characteristic time τch, days - - - 110 

Asymptotic strain ε(∞), - - - - 0.115 

 
A combination of the viscoelasticity with sequential linear analysis is not a trivial task, and to the best 
of these authors’ knowledge was not previously reported in the literature. The major challenge in its 
implementation is the rate-dependency of stress and thus a non-unique path in the stress-strain 
space. However, if we assume that the fracture energy does not change with the loading rate and the 
initial elastic stiffness is much higher than the softening slope, then the slope of the softening branch 
will be similar to the elastic one. When the softening slope is fixed, generalized Maxwell chain 
behaves elastically with linear softening in two limiting cases: when the loading rate is either infinitely 
high or infinitely low (see Fig. 2.5). Intermediate loading rates will result in a stress-strain curve 
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positioned in-between the limiting ones. This property was used to develop equations for the 
viscoelastic strain-softening law. The ultimate strain εu  will now depend on the loading rate through the 
effective stiffness Eα: 

𝜀𝑢 =
2𝐺𝑐

𝑤𝑐𝑓𝑡

 −  
𝑓𝑡

𝐸0 + ∑ 𝐸𝛼

 +  
𝑓𝑡

𝐸0 + ∑ 𝐸𝛼
𝑒𝑓

  . (12) 

 
Figure 2.5: Constitutive law combining viscoelasticity with damage. Two different loading rates result in 

different values of softening strain. The softening slope is preserved. 

In this way, the decrease in the loading rate will result in an increase in εu with the slope Et remaining 
unchanged. 
Procedures of SLA are adapted to include viscoelasticity as follows (see Fig. 2.6): 

1. The loading is applied and finite element problem is solved. Existing damage is accounted in 
the reduced values of stiffness and viscosity. Internal stresses are updated. 

2. The strength criterion in the element with the highest stress is verified. In case of its violation, 
the damage parameter d is increased. The strength, stiffness, and viscosity of the damaged 
element are reduced accordingly. 

3. The displacement field is reset. 
4. Steps 1-3 are repeated until no damaging events are present. 
5. The next loading step is done. Time step Δt within the viscoelastic material is set to the time of 

the current step. 
 

6.  
Figure 2.6: Viscoelastic extension of SLA. Every loading step is viscoelastic, starting at zero 

displacements. 

Since every solution in time is obtained via a direct jump from zero displacements to the current 
loading, the time correction is necessary to scale properly the viscoelastic effect. The solution 
obtained in such manner will differ from the one obtained incrementally (using information from 
previous steps). The reason is that the proposed scheme does not take into consideration loading 
history between the zero and the current step: loading is assumed to increase linearly. This 
approximate way of solving a viscoelastic problem will introduce a certain error. However, we argue 
that for relatively short relaxation times λ this difference will be less pronounced. This is demonstrated 
in Fig. 2.6. A single finite element of the viscoelastic-brittle mortar with properties given in Tab. 1 is 
deformed by strain ε. In this simulation, the element does not experience any damage. Sequential and 
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incremental stress values differ from each other by 5-10%. In case of the S-shaped loading profile (left 
figure), sequentially computed stress slightly exceeds the incremental one. In the later stage, it 
steadily tends toward the incremental curve due to stronger stress relaxation. This loading profile is of 
primary importance since it is similar to the one we will use for the ASR product expansion, which will 
be discussed in the following sub-section. A sinusoidal profile shown in the right figure is brought to 
demonstrate that harmonic load fluctuations do not lead to the error augmentation either. 
 

 
Figure 2.7: Comparison of stresses in a viscoelastic material computed in incremental and sequential 

manners. The S-shaped loading is shown in the left figure and the sinusoidal one in the right. 

2.3 ASR product expansion 

Dependence of alkali-silica reaction kinetics on the temperature and the relative humidity was 
experimentally studied by Larive [11]. First-order kinetic law in isothermal conditions results in explicit 
equation for the chemical extent ξ: 

𝜉(𝑡, 𝑇) =  
1− 𝑒

−
𝑡

𝜏𝑐ℎ(𝑇)

1+ 𝑒
−

𝑡
𝜏𝑐ℎ(𝑇)+

𝜏𝑙𝑎𝑡(𝑇)
𝜏𝑐ℎ(𝑇)

 , (13) 

where t and T are the current time and temperature, and τlat and τch are latency and characteristic 
times correspondingly. The latter two are calibration parameters of the model. 
In this study, we assume that the local strain of an ASR site εeig is proportional to the total amount of 
the generated ASR product which in its turn is proportional to the chemical extent ξ. This way, the 
ASR expansion law reads: 

𝜀(𝑡, 𝑇) =  𝜀(∞)
1− 𝑒

−
𝑡

𝜏𝑐ℎ(𝑇)

1+ 𝑒
−

𝑡
𝜏𝑐ℎ(𝑇)+

𝜏𝑙𝑎𝑡(𝑇)
𝜏𝑐ℎ(𝑇)

 , (14) 

where ε(∞) is the asymptotic strain. If the temperature of a specimen is homogeneous, all the ASR 
sites will have same expansion values. 

3. SIMULATIONS 

In order to study the effect of viscoelasticity we have simulated ASR deterioration of a concrete 
specimen in laboratory conditions. For this, we use a two dimensional model of size 72 by 72 mm (see 
Fig. 2.8 left). The simulated concrete block consists of circular aggregates with packing density of 
70%, mortar, and ASR sites. Free expansion boundary conditions are applied in a form of 3 corner 
nodes fixed in either two directions (left bottom node) or one direction (left top and right bottom 
nodes). Other surface nodes are free to move. Material and thermal law (Eq. 14) parameters are given 
in Tab. 1. Stiffness of the elastic-brittle mortar is chosen to be equal to the sum of spring stiffnesses in 
the Maxwell chain of the viscoelastic-brittle mortar. This way, the elastic material behaves as if it would 
be a viscoelastic one under infinitely fast loading. Such a choice of material properties facilitates a fair 
comparison of two simulations. The parameters of the thermal law were calibrated with experimental 
data on accelerated free ASR expansion of concrete blocks during 450 days by Multon and 
Toutlemonde [12]. 
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Concrete undergoing free ASR expansion was simulated for 450 days at the temperature of 38°C. The 
damage pattern obtained within concrete blocks in case of the elastic- and viscoelastic-brittle mortar is 
shown in Fig. 2.8 (center, right). In both cases, the damage is mainly spread within mortar due to its 
lower tensile strength. One could also observe that in case of the elastic-brittle mortar there is larger 
damaged area than in the viscoelastic-brittle case. This becomes evident in Fig. 2.9 (right) where the 
damage ratio is plotted. It is the ratio between the damaged area of a phase and its total area. To 
compute this parameter, the area of each damaged element from a specific phase is multiplied by its 
damage value d, summed together and divided by the total area of this phase. Damage in the elastic-
brittle mortar is 5% higher than in its viscoelastic counterpart. Reduction in the damage ratio is mainly 
caused by the lower values of stress within viscoelastic material due to the stress relaxation. The 
damage ratio within aggregates saturates at the value of 2% already at 120 days. This effect is caused 
by having all the cracks reaching exteriors of aggregates, after which no additional damage to 
aggregates is caused. For the mortar, saturation happens much later and has a higher value. 
 

 
Figure 2.8. A 2D concrete specimen (left) comprising three phases: aggregates (blue), mortar (grey) 
and 10 ASR sites (not visible due to their size). Damage patterns in concrete blocks with the elastic 

(centre) and viscoelastic (right) mortar. Colours denote the level of damage. 

Fig. 2.9 (left) shows the macroscopic expansion of the specimen in horizontal and vertical directions, 
the experimental data [12] used for the model calibration as well as the ASR product expansion curve. 
In this specific distribution of ASR sites, major crack percolate in the horizontal direction (see Fig. 2.8). 
It has wide opening in the vertical direction forcing the corresponding macroscopic strain εy to be 
larger than the horizontal one εx. Although these two curves differ significantly, their mean value is 
close to the calibration curves. The expansion of the viscoelastic-brittle mortar in the same figure is 
similar in the vertical direction but much lower in horizontal. This fact is again caused by shorter cracks 
in the viscoelastic paste and thus lower expansion. The average between horizontal and vertical 
values becomes lower than the calibration data. The S-shaped expansion curves follow a similar trend 
in the ASR product expansion εeig. 
 

 
Figure 2.9: The macroscopic expansion of the concrete specimen (left) and its damage ratio (right) 
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Stiffness reduction in two directions is plotted in Fig. 2.10 (left). Here we also observe approximately 
total stiffness loss in the vertical direction due to the percolated crack. In the other direction, stiffness 
drops to 40-50% of its initial value due to vertical cracks yet not reaching the specimen boundaries. 
Stiffness reduction in the horizontal direction is lower in the elastic-brittle case. This is also explained 
by the elastic-brittle mortar having longer cracks in vertical and close to vertical directions the 
viscoelastic one. 
 

 
Figure 2.10. Left) stiffness reduction for elastic- and viscoelastic-brittle cases. Right) Macroscopic 

expansion for purely elastic and viscoelastic cases without damage. 

When adding viscoelasticity to the mortar, we indeed observe a lower stiffness drop as it was 
suggested by Cuba Ramos and co-workers [8]. This however results also in the reduction of the 
macroscopic strain due to the shortening of cracks. The reduced strains are lower than the ones 
observed by the experimentalists. We suggest that the total damage observed in the concrete (either 
in mortar or in aggregates) is insufficient to reach the experimental values of expansion.  To prove that 
the damage is the main cause of the macroscopic expansion, we run two simulations where the 
mortar is modeled either purely elastic or viscoelastic and no damage is happening. The results are 
plotted in Fig. 2.10 (right). Expansion in each direction is equal for both simulations because of ASR 
eigenstrain being an internal boundary condition. The final value of expansion is however three orders 
of magnitude lower than in the brittle case. This demonstrates that purely (visco-) elastic deformation 
is not sufficient to bring the macroscopic expansion to the experimental levels, and cracks are 
necessary. 
Giorla et al. [4] also reported little damage in the viscoelastic mortar which corresponded to the 
general observations in experiments. However, the macroscopic expansion was lower than the 
experimental values of Ben Haha [13]. As a cause, the authors suggested the fact that the smaller 
aggregates were not reactive in their simulations. We also think adding more ASR sites to aggregates 
in our model would result in higher macroscopic expansion without significantly increasing crack 
extent in the mortar. 

4. CONCLUSIONS 

In this paper, a numerical model to solve material deterioration due to multiple crack growing has been 
presented. Extension of the elastic-brittle material behavior to viscoelasticity has been formulated and 
demonstrated on an example. Laboratory concrete specimens undergoing damage due to alkali-silica 
reaction were simulated. In order to understand the role of viscoelasticity in the ASR damaging 
process, the simulation with the elastic-brittle mortar was compared to the viscoelastic-brittle one. The 
simulation results can be summarized as follows: 

 The macroscopic expansion of specimens is mainly caused by crack growth and opening. 
Direction of expansion is orthogonal to the crack path. 

 Most of the damage is concentrated inside the mortar due to its lower tensile strength. 
 The macroscopic strain curve follows the trend of the ASR product expansion curve. 
 Viscoelastic-brittle behavior of the mortar causes relaxation of stresses and thus reduction of 

damage. It leads to the preservation of the macroscopic stiffness but also reduces the 
macroscopic expansion of concrete. 
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 For the macroscopic expansion to reach the experimental levels without significantly affecting 
the amount of cracks in the paste, more damage should happen in the aggregates only. 
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